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SEMICLASSICAL SPECTRAL ASYMPTOTICS
FOR A MAGNETIC SCHRO¨DINGER OPERATOR
WITH NON-VANISHING MAGNETIC FIELD
BERNARD HELFFER AND YURI A. KORDYUKOV
Abstract. We consider a magnetic Schro¨dinger operator Hh, depend-
ing on the semiclassical parameter h > 0, on a compact Riemannian
manifold. We assume that there is no electric field. We suppose that
the minimal value b0 of the intensity of the magnetic field b is strictly
positive. We give a survey of the results on asymptotic behavior of the
eigenvalues of the operator Hh in the semiclassical limit.
1. Introduction
Let M be a compact oriented manifold of dimension n ≥ 2 (possibly with
boundary). Let g be a Riemannian metric and B a real-valued closed 2-form
on M . Assume that B is exact and choose a real-valued 1-form A on M
such that dA = B. Thus, one has a natural mapping
u 7→ ih du+Au
from C∞c (M) to the space Ω
1
c(M) of smooth, compactly supported one-
forms on M . The Riemannian metric allows to define scalar products in
these spaces and consider the adjoint operator
(ih d+A)∗ : Ω1c(M)→ C
∞
c (M) .
A Schro¨dinger operator with magnetic potential A is defined by the formula
(1.1) Hh = (ih d+A)∗(ih d +A) .
Here h > 0 is a semiclassical parameter. If M has non-empty boundary, we
will assume that the operatorHh satisfies the Dirichlet boundary conditions.
From the geometric point of view, the 1-form A defines a Hermitian
connection ∇A = d − iA on the trivial complex line bundle L over M .
The curvature of this connection is −iB. Then the operator Hh is related
with the associated covariant (or Bochner) Laplacian
HA = ∇
∗
A∇A
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by the formula
Hh = h2( d− ih−1A)∗( d− ih−1A) = h2Hh−1A .
This formula shows, in particular, that the semiclassical limit h → 0 is
clearly equivalent to the large magnetic field limit.
We choose local coordinates x = (x1, . . . , xn) on M . We write the 1-form
A in the local coordinates as
A =
n∑
j=1
Aj(x) dxj ,
the matrix of the Riemannian metric g as
g(x) = (gjℓ(x))1≤j,ℓ≤n ,
and its inverse as
g(x)−1 = (gjℓ(x))1≤j,ℓ≤n .
We denote the determinant of g by:
|g(x)| = det(g(x)) .
Then the magnetic field B is given by the following formula
B =
∑
j<k
Bjk dxj ∧ dxk , Bjk =
∂Ak
∂xj
−
∂Aj
∂xk
.
Moreover, the operator Hh has in these coordinates the form
Hh =
1√
|g(x)|
∑
1≤j,ℓ≤n
(
ih
∂
∂xj
+Aj(x)
)[√
|g(x)|gjℓ(x)
(
ih
∂
∂xℓ
+Aℓ(x)
)]
.
In the case whenM = Rn is the flat Euclidean space, the operator Hh takes
the form
(1.2) Hh =
∑
1≤j≤n
(
hDxj −Aj(x)
)2
,
where, as usual, Dxj =
1
i
∂
∂xj
, j = 1, . . . , n.
When n = 2 , the magnetic two-form B is a volume form on M and
therefore can be identified with the function b ∈ C∞(M) given by
B = b dxg ,
where dxg denotes the Riemannian volume form M associated with g.
When n = 3 , the magnetic two-form B can be identified with a magnetic
vector field ~b by the Hodge star-operator. If M is the Euclidean space R3,
we have
(1.3) ~b = (b1, b2, b3) = curlA = (B23,−B13, B12) ,
with the usual definition of curl.
We are interested in asymptotic behavior of the spectrum of the operator
Hh in the semiclassical limit. This problem was studied in [7, 13, 19, 20, 23,
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32, 33, 34] (see [8, 14, 36] for surveys including the case of problems with
boundary).
After the pioneering works by Kato [30] and his school, the starting ref-
erence for the spectral analysis of self-adjoint realizations of the magnetic
Schro¨dinger operator is the paper by Avron-Herbst-Simon [1] where the role
of the module of the magnetic field in the three-dimensional case appears for
the first time. Further investigations were inspired by R. Montgomery [34],
who was asking “Can we hear the locus of the magnetic field” (by analogy
with the celebrated question by M. Kac). In [34], this question was studied
for the two-dimensional magnetic Schro¨dinger operator. Motivated by the
question of R. Montgomery, the first author and Mohamed in [19] investi-
gated the asymptotic behavior of the low-lying eigenvalues of the Dirichlet
realization of the magnetic Schro¨dinger operator in the case when the mag-
netic field vanishes. This study was continued more recently in [35, 12, 13, 5]
(see also [14]). The case when the magnetic field never vanishes was ana-
lyzed in detail for the Dirichlet realization in the two-dimensional case in
[20] and more recently in [15, 18, 37]. Moreover, there is a big literature
devoted to the spectral analysis of the Neumann realization because of its
connection with problems in superconductivity (see [8] and the references
therein). Finally, we do not also give a complete description of the semi-
classical results obtained in the case when an electric potential V is creating
the main localization and refer to [23] and [4] for a presentation and refer-
ences therein.
The purpose of this paper is to give a survey of the results obtained in
the case when the magnetic field never vanishes. First, we suppose that M
is two-dimensional. Let
(1.4) b0 = min
x∈M
|b(x)| .
Remark that if M is without boundary then we necessarily have b0 = 0,
since ∫
M
b(x)dxg =
∫
M
dA = 0 .
If we suppose that M has a non-empty boundary and the operator Hh
satisfies the Dirichlet boundary conditions, it was observed by many authors
[34, 31, 40, 41] (as the immediate consequence of the Weitzenbo¨ck-Bochner
type identity and the positivity of the square of a suitable Dirac operator)
that, if U is a domain inM , then, for any u ∈ C∞c (U), the following estimate
holds:
(1.5) ‖(ih d +A)u‖2U ≥ h
∫
U
b|u|2dxg .
In particular, for any h > 0 ,
(1.6) λ0(H
h) ≥ hb0 .
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In the case M = R2, this estimate follows from the formula
hb(x) = −i[hDx1 −A1, hDx2 −A2] ,
which implies (after an integration by parts) that
h
∫
b(x)|u(x)|2 dx ≤ ‖(hDx1 −A1)u‖
2 + ‖(hDx2 −A2)u‖
2 .
Due to this estimate, the function hb can be considered in many spectral
problems as an effective electric potential, that is, as a magnetic analog of
the electric potential V in a Schro¨dinger operator −h2∆+ V .
Any connected component of the minimum set
(1.7) U = {x ∈M : b(x) = b0}
can be understood as a magnetic well (attached to the given energy hb0).
In particular, an asymptotic description of the spectrum near the bottom
strongly depends on the geometry of the magnetic wells and the behavior of
b near them.
In higher dimensions, the role of magnetic potential is played by the
function x 7→ h · Tr+(B(x)), which can be defined in the following way.
For any x ∈ M , denote by B(x) the anti-symmetric linear operator on the
tangent space TxM associated with the 2-form B:
gx(B(x)u, v) = Bx(u, v), u, v ∈ TxM.
Recall that the intensity of the magnetic field is defined as
Tr+(B(x)) =
∑
λj(x)>0
iλj(x)∈σ(B(x))
λj(x) =
1
2
Tr([B∗(x) · B(x)]1/2).
In the (3D) case the only positive eigenvalue is |B(x)| and we get
Tr+(B(x)) = |B(x)| .
In the general case, we do not have the equivalent of (1.5) but only the
weaker estimate [19]:
(1.8) (h inf
x
Tr+(B(x))− Ch
5
4 )
∫
|u(x)|2 dx ≤ 〈Hhu , u〉 , ∀u ∈ C∞c (M) .
When U is not connected, the spectrum is essentially obtained by analyz-
ing (the union of) the spectra of Dirichlet Laplacians attached to each com-
ponent. This is true modulo exponentially small errors. This corresponds to
the so called magnetic tunneling. We will not focus on this question (which
is widely open) and will more emphasize on the presentation of the known
semi-classical results in dimension 2 and 3 which are purely magnetic first
at the bottom (Sections 2 and 3 in dimension 2 and Section 4 in dimension
3), secondly in Section 5 for excited states in dimension 2 where we present
the newest contributions (Helffer-Kordyukov and Raymond-Vu Ngoc) but
will give a few examples in the last section.
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2. Discrete wells in dimension 2
In this section, we will discuss the case of discrete wells. We assume that:
(2.1) b0 > 0 ,
and that there exist a unique point x0, which belongs to the interior of
M , k ∈ N and C > 0 such that for all x in some neighborhood of x0 the
estimates hold:
(2.2) C−1 d(x, x0)
2 ≤ b(x)− b0 ≤ C d(x, x0)
2 .
We introduce:
a = Tr
(
1
2
Hess b(x0)
)1/2
, d = det
(
1
2
Hess b(x0)
)1/2
,
and denote by λ0(H
h) ≤ λ1(H
h) ≤ λ2(H
h) ≤ . . . the eigenvalues of the
operator Hh in L2(M) .
Theorem 2.1. Under current assumptions, for any j ∈ N, there exists a
sequence (αj,ℓ)ℓ∈N with
αj,0 = b0, αj,1 = 0, αj,2 =
2d1/2
b0
j +
a2
2b0
,
such that
(2.3) λj(H
h) ∼ h
N∑
ℓ=0
αj,ℓh
ℓ
2 .
In other words, for any N , there exist Cj,N > 0 and hj,N > 0 such that, for
any h ∈ (0, hj,N ],
|λj(H
h)− h
N∑
ℓ=0
αj,ℓh
ℓ
2 | ≤ Cj,Nh
N+3
2 .
In particular, we have for the groundstate energy λ0(H
h) a two term
asymptotics:
λ0(H
h) = hb0 + h
2 a
2
2b0
+O(h5/2), h→ 0,
and the asymptotics of the splitting between the groundstate energy and
the first excited state :
λ1(H
h)− λ0(H
h) ∼ h2
2d
1
2
b0
.
This theorem is proved in [15]. A two-terms asymptotics for the ground
state energy in the flat case was previously obtained in [20]. Recent im-
provements by Helffer-Kordyukov [18] and Raymond-Vu Ngoc [37] (see also
Section 4) show that no odd powers of h
1
2 actually occur in the flat case. We
believe that this fact also holds in the general case of Riemannian manifold.
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The proof of the upper bound is based on a construction of approximate
eigenfunctions for the operator Hh. More precisely, we prove in [15] the
following accurate upper bound for the eigenvalues of the operator Hh.
Theorem 2.2. Under current assumptions, for any j and k in N, there
exists a sequence (µj,k,ℓ)ℓ∈N with
µj,k,0 = (2k + 1)b0, µj,k,1 = 0 ,
and
µj,k,2 = (2j + 1)(2k + 1)
d1/2
b0
+ (2k2 + 2k + 1)
t
2b0
+
1
2
(k2 + k)R(x0) ,
where R is the scalar curvature, and
t = Tr
(
1
2
Hess b(x0)
)
,
and for any N , there exist φhjkN ∈ C
∞(M), Cjk,N > 0 and hjk,N > 0 such
that
(2.4) (φhj1k1N , φ
h
j2k2N ) = δj1j2δk1k2 +Oj1,j2,k1,k2(h) ,
and, for any h ∈ (0, hjk,N ],
‖HhφhjkN − µ
h
jkNφ
h
jkN‖ ≤ CjkNh
N+3
2 ‖φhjkN‖,
where
(2.5) µhjkN = h
N∑
ℓ=0
µj,k,ℓh
ℓ
2 .
Since the operator Hh is self-adjoint, using the Spectral Theorem, we
immediately deduce the existence of eigenvalues near the values µhjkN .
Corollary 2.3. For any j, k and N in N, there exist Cjk,N > 0 and hjk,N >
0 such that, for any h ∈ (0, hjk,N ) ,
dist(µhjkN ,Spec(H
h)) ≤ Cjk,Nh
N+3
2 .
Remark 2.4. The low-lying eigenvalues of the operator Hh , as h → 0, are
obtained by taking k = 0 in Theorem 3.2. Therefore, as an immediate
consequence of Theorem 3.2, we deduce that, for any j and N in N, there
exists hj,N > 0 such that, for any h ∈ (0, hj,N ] , we have
λj(H
h) ≤ µhj0N + Cj0,Nh
N+3
2 .
In particular, this implies the upper bound in Theorem 2.1.
Remark 2.5. Our interest in the case of arbitrary k in Theorem 3.2 is moti-
vated, in particular, by its importance for proving the existence of gaps in
the spectrum of the operator Hh in the semiclassical limit [11].
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Remark 2.6. The term
(2k + 1)hb0 +
1
2
h2
(
k2 + k
)
R ,
in the right-hand side of (2.5) (see also (3.5) below) has a natural interpre-
tation as Landau levels. The interpretation depends on whether R is zero,
positive or negative and, in all three cases, is given in terms of eigenvalues of
the associated magnetic Laplacian with constant magnetic field (Landau op-
erator) on the corresponding simply connected Riemann surface of constant
curvature (see [15] for more details).
We also mention the paper [6] by Ferapontov and Veselov, who prove that
these three model magnetic Laplacians are integrable in some sense. This
observation enables them to give the complete description of the spectra
of these operators in the same way as it was done by Schro¨dinger for the
harmonic oscillator.
3. Degenerate wells in dimension 2
In this section, following [16], we will discuss the case when the minimum
of the magnetic field is attained on a regular curve γ. We assume that:
• b0 > 0 ;
• the set {x ∈M : |b(x)| = b0} is a smooth curve γ, which is contained
in the interior of M ;
• there is a constant C > 0 such that for all x in some neighborhood
of γ the estimates hold:
(3.1) C−1d(x, γ)2 ≤ |b(x)| − b0 ≤ Cd(x, γ)
2 .
3.1. Asymptotics near the bottom. The main purpose is to give an
asymptotics of the groundstate energy λ0(H
h) of the operator Hh. Denote
by N the external unit normal vector to γ. Let N˜ denote the natural
extension of N to a smooth normalized vector field on M , whose integral
curves starting from a point x in a tubular neighborhood of γ are the minimal
geodesics to γ. Consider the function β2 on γ given by
(3.2) β2(x) = N˜
2|b(x)| , x ∈ γ .
By (3.1), it is easy to see that
β2(x) > 0 , x ∈ γ .
Theorem 3.1. There exists h0 > 0, such that, for any h ∈ (0, h0] ,
(3.3) λ0(H
h) = hb0 + h
2 µ0
4b0
+O(h17/8) .
where
(3.4) µ0 := inf
x∈γ
β2(x) .
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The proof of the upper bound is based on a construction of approximate
eigenfunctions for the operator Hh. We denote by R the scalar curvature of
the Riemannian manifold (M,g).
Theorem 3.2. For any x ∈ γ and for any integer k ≥ 0, there exist C and
h0 > 0, such that, for any h ∈ (0, h0], there exists Φ
h
k ∈ C
∞
c (M),Φ
h
k 6= 0 ,
such that ∥∥∥HhΦhk − λh(k, x)Φhk∥∥∥ ≤ Ch17/8‖Φhk‖ ,
where
(3.5) λh(k, x) = (2k+1)hb0+h
2
[
(2k2 + 2k + 1)
β2(x)
4b0
+
1
2
(
k2 + k
)
R(x)
]
.
When k = 0, we get:
Corollary 3.3. For any x ∈ γ, there exist C and h0 > 0, such that, for any
h ∈ (0, h0], there exists Φ
h
0 ∈ C
∞
c (M),Φ
h
0 6= 0 , such that∥∥∥HhΦh0 − λh(x)Φh0∥∥∥ ≤ Ch17/8‖Φh0‖ ,
where
λh(x) = hb0 + h
2 β2(x)
4b0
.
3.2. Miniwells. Like in the case of the Schro¨dinger operator with electric
potential (see [22]), one can introduce an internal notion of magnetic well
for a fixed closed curve γ in the minimum set of the magnetic field B. Such
magnetic wells can be naturally called magnetic miniwells. They are defined
by means of the function β2 on γ given by (3.2).
Theorem 3.4. Assume that there exists a unique minimum point x0 ∈ γ of
the function β2 on γ, which is nondegenerate :
µ2 := β
′′
2 (x0) > 0 .
For any j ∈ N, there exist Cj and hj > 0, such that for any h ∈ (0, hj)
λj(H
h) ≤ hb0 + h
2 µ0
4b0
+ h5/2
(µ0µ2)
1/2
4b
3/2
0
(2j + 1) + Cjh
11/4 .
Here and below the derivative means the derivative with respect to the
natural parameter on γ.
Remark 3.5. We conjecture that
λ0(H
h) = hb0 + h
2 µ0
4b0
+ h5/2
(µ0µ2)
1/2
4b
3/2
0
+ o(h5/2) .
The proof is based on a construction of approximate eigenfunctions, which
can be made near an arbitrary Landau level. For k ∈ N, consider the
function Vk on γ given by (cf. (3.5))
(3.6) Vk(x) := (2k
2 + 2k + 1)
β2(x)
4b0
+
1
2
(
k2 + k
)
R(x) .
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Assume that there exists a unique minimum x0 ∈ γ of the function Vk on γ,
which is nondegenerate, that is satisfying, for all x ∈ γ in some neighborhood
of x0 ,
(3.7) Cd(x, x0)
2 ≤ Vk(x)− Vk(x0) ≤ C
−1d(x, x0)
2 .
Under these assumptions, one can give the following, more precise construc-
tion of approximate eigenvalues of the operator Hh.
Theorem 3.6. Under current assumptions, for any j, k ∈ N , there exist
uhjk ∈ C
∞
c (M), Cjk > 0 and hjk > 0 such that
(uhj1k, u
h
j2k) = δj1j2 +Oj1,j2,k(h)
and, for any h ∈ (0, hjk] ,
‖Hhuhjk − µ
h
jku
h
jk‖ ≤ Cjk h
11/4‖uhjk‖ ,
where
(3.8) µhjk = µj,k,0h+ µj,k,4h
2 + µj,k,6 h
5/2 ,
with
µj,k,0 = (2k + 1)b0, µj,k,4 = Vk(x0) ,
and
µj,k,6 =
1
2b0
V ′′k (x0)
1/2β2(x0)
1/2(2k + 1)1/2(2j + 1) .
4. Excited states for discrete wells
If Theorem 2.1 is satisfactory for the analysis of a finite numbers of eigen-
values at the bottom, it appears to be useful to get a extended description
of the bottom of the spectrum including more excited states. Motivated
by Karasev’s paper [29], it seems to be interesting to produce an effec-
tive Hamiltonian whose spectrum will also describes the excited states. In
2013, Helffer-Kordyukov [18] on one side, and Raymond-Vu Ngoc [37] on the
other side reanalyze the problem in the case of discrete wells with two dif-
ferent points of view leading in the two cases to the existence of an effective
(1D)-Hamiltonian whose spectrum describes the spectrum of our magnetic
Schro¨dinger operator.
4.1. Using a Grushin’s problem (after Helffer-Kordyukov [18]). The
approach of [18] is based on Grushin’s method. This method was initiated
in the context of hypoellipticity by V. Grushin [9] and then exploited by
J. Sjo¨strand alone or with collaborators in many contexts. We refer to [38]
for a survey on this method and references or Appendix D in [42]. In spectral
theory a variant of this method is known under the name of “Feschbach
projection method” or “Schur complement formula” in analytic Fredholm
theory.
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Let us consider the magnetic Schro¨dinger operator Hh in the flat Eu-
clidean space R2 :
Hh = h2D2x + (hDy +A(x, y))
2 .
The magnetic field B is given by
B = b dx ∧ dy with b(x, y) =
∂A
∂x
(x, y) .
Let
b0 = min
(x,y)∈R2
|b(x, y)| > 0 .
We assume that at ∞, we have
b0 < lim inf
|x|+|y|→+∞
|b(x, y)| := b0 + η0 .
Then one can prove easily [19] that, for any 0 ≤ η1 < η0 , there exists
h1 > 0 such that
σ(Hh) ∩ [0, h(b0 + η1)) ⊂ σd(H
h) , ∀h ∈ (0, h1].
Next, as above, we assume that:
• b0 > 0;
• the set {(x, y) ∈ R2 : |b(x, y)| = b0} is a single point (x0, y0);
• (x0, y0) is a non-degenerate minimum:
Hess b(x0, y0) > 0.
We have a diffeomorphism φ : R2 → R2 defined by
φ(x, y) = (A(x, y), y), (x, y) ∈ R2 .
We then associate with b a function bˆ ∈ C∞(R2) by
bˆ = b ◦ φ−1 .
Theorem 4.1. There exist h0 > 0, ǫ0 > 0, γ0 ∈ (0, η0), h 7→ γ0(h) defined
for (0, h0] such that γ0(h) → γ0 as h → 0, and a semiclassical symbol
peff(y, η, h, z), which is defined in a neighborhood Ω ⊂ R
2 of the set {(y, η) ∈
R
2 : bˆ(y, η) ≤ b0 + γ0} for h ∈ (0, h0] and z ∈ C such that |z| < γ0 + ǫ0, of
the form
(4.1) peff(y, η, h, z) ∼
∑
j∈N
p
j
eff(y, η, z)h
j ,
with
(4.2) p0eff(y, η, z) = bˆ(y, η)− b0 − z ,
such that λh ∈ σ(H
h) ∩ [0, h(b0 + γ0(h))), if and only if the associated h-
pseudodifferential operator1 peff(y, hDy, h, z(h)) has an approximate 0-eigen-
function uqmh ∈ C
∞(R), i.e.
(4.3) peff(y, hDy , h, z(h))u
qm
h = O(h
∞) ,
1We use the Weyl semi-classical quantization of the symbol (see for example [26])
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with
z(h) =
1
h
(λh − hb0) +O(h
∞) ,
|z(h)| < γ0(h) for any h ∈ (0, h0], and such that the frequency set
2 of uqmh is
non-empty and contained in Ω .
Remark 4.2. Here (4.3) makes sense modulo O(h∞) by extending first the
symbol peff(y, η, h, z) outside the neighborhood Ω to a semiclassical symbol
in R2 and defining then the operators peff(y, hDy , h, z) by the Weyl calculus.
Using the localization of the frequency set of uqmh , the left hand side of (4.3)
does not depend on the extension up to an error which is O(h∞).
Remark 4.3. By Theorem 4.1, for any E ∈ [b0, b0 + γ0), the spectrum of
the operator Hh (divided by h) is determined near E (say in an interval
(E − Ch
1
2 , E + Ch
1
2 )) and modulo O(h
3
2 ) by the spectrum of bˆ(y, hDy) +
hb1(y, hDy , E), where one can use the Bohr-Sommerfeld rule (see [21] or [24]
for a mathematical justification) for determining the energy levels.
Corollary 4.4. There exists γ0 ∈ (0, η0), h0 > 0 and C > 0 such that
λj+1(H
h)− λj(H
h) ≥
1
C
h2 , ∀h ∈ (0, h0] ,
for any j such that λj+1(H
h) < h(b0 + γ0).
4.2. Using a Birkhoff Normal form (after Raymond–Vu Ngoc [37]).
The proof of Raymond–Vu Ngoc is reminiscent of Ivrii’s approach (see his
book (old version or new version in progress on his Home Page) [28] and the
– more accessible but without proofs – introductory article [27]) and uses a
Birkhoff normal form. This approach has the advantage to be semi-global
and uses more general symplectomorphisms and their quantizations.
Consider the magnetic Schro¨dinger operator Hh in R2 given by (1.2). Let
H be its h-symbol:
(4.4) H(x, y, ξ, η) = |ξ −A1(x, y)|
2 + |η −A2(x, y)|
2,
(x, y, ξ, η) ∈ T ∗R2 = R2 × R2 .
By definition the energy surface ΣE corresponding to energy E is the set
H−1(E). The first result shows the existence of a smooth symplectic diffeo-
morphism that transforms the initial Hamiltonian into a normal form, up
to any order in the distance to the zero energy surface Σ0. Assume that the
magnetic field b does not vanish in an open set Ω ⊂ R2.
Theorem 4.5 ([37], Theorem 1.1). There exists a symplectic diffeomor-
phism Φ, defined in an open set Ω˜ ⊂ Cz1 ×R
2
z2, with values in T
∗
R
2, which
sends the plane {z1 = 0} to Σ0, and such that
H ◦Φ = |z1|
2f(z2, |z1|
2) +O(|z1|
∞),
2See [42] for a discussion of the frequency set and references therein.
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where f : R2 × R→ R is smooth. Moreover, the map
ϕ : Ω ∋ (x, y) 7→ Φ−1(x, y,A(x, y)) ∈ ({0} × R2z2) ∩ Ω˜
is a local diffeomorphism and
f ◦ (ϕ(x, y), 0) = |b(x, y)|.
The next result gives the quantum counterpart of this theorem. We keep
the notation of the previous theorem.
Theorem 4.6 ([37], Theorem 1.6). For h small enough there exists a (semi-
classical) Fourier Integral Operator3 Uh such that
U∗hUh = I + Zh, UhU
∗
h = I + Z
′
h,
where Zh, Z
′
h are h-pseudo-differential operators that microlocally vanish in
a neighborhood of Ω˜ ∩ Σ0, and
U∗hH
hUh = IhFh +Rh,
where:
(1) Ih := −h
2 ∂2
∂x2
1
+ x21 .
(2) Fh is a classical h-pseudo-differential operator that commutes with
Ih .
(3) For any Hermite function hn(x1) such that Ihhn = h(2n− 1)hn, the
operator F
(n)
h acting on L
2(Rx2) by
hn ⊗ F
(n)
h (u) = Fh(hn ⊗ u)
is a classical h-pseudo-differential operator with principal symbol
F (n)(x2, ξ2) = b(x, y) ,
where (0, x2 + iξ2) = ϕ(x, y) .
(4) Given any h-pseudo-differential operator Dh with principal symbol
d0 such that d0(z1, z2) = c(z2)|z1|
2 +O(|z1|
3), and any N ≥ 1, there
exist classical pseudo-differential operators Sh.N and KN such that
Rh = Sh.N(Dh)
N +KN +O(h
∞) ,
with KN compactly supported away from a fixed neighborhood of
|z1| = 0.
(5) IhFh = Nh = H
0
h + Qh , where H
0
h is the h-pseudodifferential oper-
ator of symbol H0(z1, z2) = b(ϕ
−1(z2))|z1|
2 , and the operator Qh is
relatively bounded with respect to H0h with an arbitrarily small rela-
tive bound.
As a consequence, Raymond and Vu Ngoc obtain the following theorem.
3See [26, 42] for a definition.
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Theorem 4.7 ([37], Theorem 1.5). Assume that the magnetic field B is non
vanishing on R2 and confining: there exist constants C˜1 > 0, M0 > 0 such
that
b(q) ≥ C˜1 for |q| ≥M0 .
Let H0h = Op
w
h (H
0), where H0 = b(ϕ−1(z2)|z2|
2 where ϕ : R2 → R2 is a
diffeomorphism. Then there exists a bounded classical pseudo-differential
operator Qh on R
2, such that
• Qh commutes with Op
w
h (|z1|
2);
• Qh is relatively bounded with respect to H
0
h with an arbitrarily small
relative bound;
• its Weyl symbol is Oz2(h
2 + h|z1|
2 + |z1|
4) ,
so that the following holds. Let 0 < C1 < C˜1. Then the spectra of H
h and
Nh := H
0
h + Qh in (−∞, C1h] are discrete. We denote by 0 < λ1(h) ≤
λ2(h) ≤ · · · the eigenvalues of H
h and by 0 < µ1(h) ≤ µ2(h) ≤ · · · the
eigenvalues of Nh. Then for any j ∈ N
∗ such that λj(h) ≤ C1h and µj(h) ≤
C1h, we have
|λj(h)− µj(h)| = O(h
∞) .
Remark 4.8. Theorem 4.7 is stronger than in Theorem 4.1 because Theo-
rem 4.1 gives a description of the spectrum of Hh in the interval [hb0, h(b0+
γ0)) for some γ0 ∈ (0, η0), whereas in Theorem 4.7, γ0 ∈ (0, η0) is arbitrary.
On the other hand, the symbol of the effective Hamiltonian in Theorem 4.7
seems to be less explicit than in Theorem 4.1. The other point could be
that Theorem 4.1 allows us to treat an additional term h2V (x, y). This
will complete the analysis of Helffer-Sjo¨strand [25], in the case of the con-
stant magnetic field. The case with an additional term hV could also be
interesting.
Remark 4.9. As communicated to us by F. Faure, there is some hope that
the results of [37] can be generalized under a generic assumption to the case
of arbitrary even dimension. Some results are also presented in [28, Chapter
13].
5. Discrete wells in dimension 3
In this section, we discuss the three-dimensional case.
5.1. Upper bounds [17]. Consider the magnetic Schro¨dinger operator Hh
in a domain Ω of the flat Euclidean space R3 (see (1.2)). As usual, we assume
that Hh satisfies the Dirichlet boundary condition. Let ~b = (b1, b2, b3) be
the corresponding vector magnetic field (see (1.3)).
We assume that there exists a constant C > 0 such that for j = 1, 2, 3 we
have
(5.1) |(∇bj)(x)| ≤ C(|~b(x)|+ 1), ∀x ∈ Ω .
Put
b0 = min{|~b(x)| : x ∈ Ω}.
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We assume that there exist a (connected) bounded domain Ω1 ⊂⊂ Ω and a
constant ǫ0 > 0 such that
(5.2) |~b(x)| ≥ b0 + ǫ0, x 6∈ Ω1 .
As shown in [19], under conditions (5.1) and (5.2), for any ǫ1 with 0 < ǫ1 <
ǫ0, there exists h1 > 0 such that, for h ∈ (0, h1]
σ(Hh) ∩ [0, h(b0 + ǫ1)) ⊂ σd(H
h).
Denote by λ0(H
h) ≤ λ1(H
h) ≤ λ2(H
h) ≤ . . . the eigenvalues of the operator
Hh contained in [0, h(b0 + ǫ0)).
Finally, we assume that:
b0 > 0 ,
and that there exists a unique minimum x0 ∈ Ω such that |~b(x0)| = b0,
which is non-degenerate: in some neighborhood of x0
C−1|x− x0|
2 ≤ |~b(x)| − b0 ≤ C|x− x0|
2 .
We also introduce:
d = detHess |~b|(x0) , a =
1
2b20
(Hess|~b|~b ·~b)(x0) .
Theorem 5.1. Under current assumptions, for any m ∈ N, there exist
Cm > 0 and hm > 0 such that, for any h ∈ (0, hm] ,
(5.3) λm(H
h) ≤ hb0+h
3/2a1/2+h2
[
1
2b0
(
d
2a
)1/2
(2m+ 1) + ν
]
+Cmh
9/4 ,
where ν is some explicit constant4.
The proof of Theorem 5.1 is based on a construction of quasimodes.
Theorem 5.2. Under current assumptions, for any j, k and m in N, there
exist φhj,k,m ∈ C
∞
c (Ω), Cj,k,m > 0 and hj,k,m > 0 such that
(φhj1,k1,m1 , φ
h
j2,k2,m2) = δj1j2δk1k2δm1m2 +Oj1,k1,m1,j2,k2,m2(h) ,
and, for any h ∈ (0, hj,k,m],
‖Hhφhj,k,m − µ
h
j,k,mφ
h
j,k,m‖ ≤ Cj,k,m h
9
4 ‖φhj,k,m‖,
where
µhj,k,m = µj,k,m,0h+ µj,k,m,2h
3
2 + µj,k,m,4h
2 .
with
µj,k,m,0 = (2k + 1)b0 , µj,k,m,2 = (2j + 1)(2k + 1)
1/2a1/2 ,
and
µj,k,m,4 =
1
2b0
(
d
2a
)1/2
(2m+ 1)(2k + 1) + ν(j, k) ,
4which means that it is given by a rather complicated explicit formula
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where ν(j, k) has the form
ν(j, k) = ν22(2k + 1)
2 + ν11(2j + 1)
2 + ν0 ,
with some explicit constants ν0 , ν11, ν22 .
Remark 5.3. It is conjectured that
λm(H
h) ≥ hb0 + h
3/2a1/2 + h2
[
1
2b0
(
d
2a
)1/2
(2m+ 1) + ν
]
− Cmh
9/4 .
At the moment, we only know from [19]
λm(H
h) ≥ hb0 − Ch
2 ,
which is an improvement of the general lower bound (1.8).
5.2. On some statements of V. Ivrii [27, 28]. Here we refer to some
results announced in [27] and developed in Chapter 18 in [28]. These results
correspond in the (3D)-case to what was discussed in the (2D)-case in the
subsection 4.2. Under the assumption that the magnetic field does not van-
ish, the claim5 is that (up to conjugation by an h-Fourier integral operator),
our Schro¨dinger operator can microlocally be written in the form:
ω1(x1, x2, hDx2)(h
2D2x3 + x
2
3) + h
2D2x1
+
∑
2m+n+ℓ≥3
hℓ amnℓ(x1, x2, hDx2) (h
2D2x3 + x
2
3)
m(hDx1)
n ,
with
ω1 = |~b| ◦ ψ ,
where ψ is some local unspecified diffeomorphism which plays the role of
ϕ−1 in Theorem 4.5.
Once precisely stated and proved, let us explain what we could expect
after. Reducing to the lowest Landau level (the first eigenvalue of h2D2x3 +
x23), we obtain that the spectrum of our initial operator near the minimum
of |~b(x)| should be deduced from the spectral analysis in (−∞, hb0 + Ch
3
2 )
(for some fixed C > 0) in the semi-classical limit of the following “formal”
pseudo-differential operator:
hω1(x1, x2, hDx2) + h
2D2x1 +
∑
2m+n+ℓ≥3
hm+ℓ amnℓ(x1, x2, hDx2)(hDx1)
n .
If we only look for the principal term (and divide by h), we get as first
“effective” operator to analyze for the spectrum now in (−∞, b0 + Ch
1
2 ):
ω1(x1, x2, hDx2) + (h
1
2Dx1)
2 + ha020(x1, x2, hDx2) ,
5We have tried to correct many typos of the statement (more specifically the remainder
in Formula (25) ) in [27]. Note in particular that the sum in the right hand side is undefined
(see however [18] which meets the same problem) and could only be meaningful for some
subspace of functions whose energy is for example less than hb0 + Ch
3
2 .
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with the hope to get in this way an approximation modulo O(h
5
4 ). This
suggests a semi-classical analysis near the bottom of a pseudodifferential op-
erator of the type met in Born-Oppenheimer theory p(x1, x2, h
1
2Dx1 , hDx2)
with two semi-classical parameters (see [36] and references therein for a re-
cent discussion on this subject). This would be coherent with the expansion
obtained in the right hand side of (5.3) at least modulo O(h
9
4 ) .
6. Some remarks and open questions
6.1. Geometry of magnetic fields. Consider the magnetic Schro¨dinger
operator in the flat Euclidean space Rn (see (1.2)). Its semiclassical symbol
(as defined in (4.4)) is a smooth function H ∈ C∞(R2n) whose zero set of
H given by
Σ0 := H
−1(0) = {(x, ξ) ∈ R2n : ξj = Aj(x) , j = 1, . . . , n} .
Since it is a graph, it is an embedded submanifold of R2n, parameterized by
x ∈ Rn. It is easy to check that if we denote by J : Rn → Σ the embedding
J(x) = (x, A(x)), then, for the canonical symplectic form ω =
∑n
j=1 dξj∧dxj
on R2n we have
J∗ω |Σ ∼= B .
When n = 2 and the magnetic field b does not vanish, Σ0 is symplectic.
When n = 3, Σ0 cannot be symplectic. If the magnetic field ~b does not
vanish, thenB has constant rank, and Σ0 is a presymplectic manifold. When
n is arbitrary even, we can hope that, under generic assumptions, Σ0 is
symplectic. This kind of analysis was basic in the seventies for the analysis
of the hypoellipticity of operators with multiple characteristics.
Recall that, in Remark 2.6, we give a geometric interpretation of some
terms, entering into the asymptotic formula (2.5) for approximate eigen-
values of the operator Hh in the two-dimensional case. One can naturally
consider similar questions in the three-dimensional case. First, observe that
three cases R = 0, R > 0 and R < 0 mentioned in Remark 2.6 correspond to
three cases of two-dimensional model geometries: Euclidean, spherical and
hyperbolical, respectively. In the three-dimensional case, the situation is
more complicated. There are eight three-dimensional model geometries in-
troduced by Thurston (see, for instance, [39]). The interesting open problem
is to construct the magnetic Schro¨dinger operators with constant magnetic
field on each three-dimensional geometric model and compute its spectra.
It is also interesting to find examples of integrable magnetic Schro¨dinger
operators on three-dimensional Riemannian manifolds.
6.2. The tunneling effect. Although, as a consequence of magnetic Ag-
mon estimates [23, 19, 36], it is possible to give upper bounds on the tun-
neling effect (see Section 7.2 in [42] or [10] for an introduction) due to the
presence of multiconnected magnetic wells, essentially no results are known
for lower bounds of this effect analogous to what is proved for the celebrated
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double well problem for the Schro¨dinger operator −h2∆+ V . The only ex-
ception is [23], which involves
∑
j(hDxj − t(h)Aj)
2 + V but this last result
is not a “pure magnetic effect” and it is assumed that the magnetic field is
small enough (|t(h)| = O(h| log h|)).
There are however a few models where one can “observe” this effect in
particular in domains with corners [2] (numerics with some theoretical inter-
pretation, see also [8] for a presentation of results due to V. Bonnaillie-Noel),
the role of the magnetic wells being played by the corners of smallest an-
gle. We describe other toy models, which are closer to the analysis which is
presented in this survey:
Example 6.1. We consider in R2 the operator:
h2D2x + (hDy − a(x))
2 + y2 .
This model is rather artificial (and not purely magnetic) but by Fourier
transform, it is unitary equivalent to
h2D2x + (η − a(x))
2 + h2D2η ,
which can be analyzed because it enters in the category of the miniwells
problem treated in Helffer-Sjo¨strand [22]. We have indeed a well defined in
R
2
x,η by η = a(x) which is unbounded but if we assume a varying curvature
β(x) = a′(x) (with lim inf |x|→+∞ |β(x)| > infx |β(x)|) we will have a miniwell
localization. A double well phenomenon can be created by assuming β = a′
even.
Example 6.2. If we add an electric potential V (x) to the previous example,
we get:
h2D2x + (hDy − a(x))
2 + y2 + V (x) .
For a(x) = x, this example was considered by J. Bru¨ning, S. Yu. Dobrokho-
tov and R.V.Nekrasov in [3].
Here one can measure the explicit effect of the magnetic field by consid-
ering
h2D2x + h
2D2η + (η − a(x))
2 + V (x) .
If V admits as minimum value 0, the wells are defined in R2x,η by η =
a(x), V (x) = 0 and one can use under suitable assumptions the semi-classical
treatment of the double well problem for the Schro¨dinger operator with
electric potential W (x, η) = (η − a(x))2 + V (x) (see [10]).
Example 6.3. One can also imagine that in the case of Sections 2 and 4, we
have a magnetic double well, and that a tunneling effect could be measured
using the effective (1D)-hamiltonian introduced in Subsection 4.1 bˆ(x, hDx)
(actually a perturbation of it), assuming that b and A are holomorphic with
respect to one of the variables. Here we are extremely far for a proof but
we could hope for candidates for a formula for the splitting.
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Example 6.4. Similarly, one can hope to measure the tunneling in the case
of miniwells, in the situation considered in Subsection 3.2, when |b| admits
its minimum along a curve and β2 has two symmetric miniwells.
Example 6.5. Finally one can come back to the Montgomery example [34]
which was analyzed in [19, 35, 12, 5] and corresponds to the two dimensional
case when the magnetic field vanish to some order on a compact curve.
According to a personal communication of V. Bonnaillie-Noe¨l, F. He´rau and
N. Raymond, it seems to be reasonable to hope (work in progress) that
one could analyze the splitting between the two lowest eigenvalues for the
following model in R2:
h2D2x +
(
hDy − γ(y)
x2
2
)2
,
where γ is a positive even C∞ function with two non degenerate minima
and inf γ < lim inf γ. By dilation, this problem is unitary equivalent to the
analysis of the spectrum of
h
4
3
(
D2x +
(
h
1
3Dy − γ(y)
x2
2
)2)
.
After division by h
4
3 , the guess is then that we can understand the tunneling
by analyzing the spectrum of the h
2
3 -pseudodifferential operator on L2(R)
whose Weyl symbol is γ(x)
2
3E(γ(x)−
1
3 ξ) , where E(α) is the ground state
energy of the Montgomery operator D2t + (
t2
2 − α)
2. This would involve a
Born-Oppenheimer analysis like in [36].
Acknowledgment. We thank V. Bonnaillie-Noe¨l, S. Dobrokhotov, F. Faure,
F. He´rau, M. Karasev, N. Raymond, S. Vu Ngoc for useful discussions or
exchange of information.
References
[1] J. Avron, I. Herbst, and B. Simon, Schro¨dinger operators with magnetic fields I.
General Interactions. Duke Math. J. 45 (1978), 847–883.
[2] V. Bonnaillie-Noe¨l, M. Dauge, D. Martin, and G. Vial, Computations of the first
eigenpairs for the Schro¨dinger operator with magnetic field. Comput. Methods Appl.
Mech. Engrg. 196 (2007), no. 37-40, 3841–3858.
[3] J. Bru¨ning, S. Yu. Dobrokhotov, and R.V.Nekrasov, Splitting of lower energy levels
in a quantum double well in a magnetic field and tunneling of wave packets. Theoret.
and Math. Phys. 175 (2013), no. 2, 620–636.
[4] M. Dimassi and J. Sjo¨strand, Spectral Asymptotics in the Semi-classical Limit. Lon-
don Mathematical Society Lecture Notes Series 268, Cambridge University Press,
1999.
[5] N. Dombrowski and N. Raymond, Semiclassical analysis with vanishing magnetic
fields. J. Spectral Theory. 3 (2013), 423–464.
[6] E. V. Ferapontov and A. P. Veselov, Integrable Schro¨dinger operators with magnetic
fields: factorization method on curved surfaces. J. Math. Phys. 42 (2001), 590–607.
[7] S. Fournais and B. Helffer, Accurate eigenvalue asymptotics for Neumann magnetic
Laplacians. Ann. Inst. Fourier, 56 (2006), 1–67.
SEMICLASSICAL SPECTRAL ASYMPTOTICS FOR A SCHRO¨DINGER OPERATOR19
[8] S. Fournais and B. Helffer, Spectral Methods in Surface Superconductivity. Progress
in Non-Linear PDE 77, Birkha¨user, Basel, 2010.
[9] V. Grushin, Hypoelliptic differential equations and pseudodifferential operators with
operator-valued symbols. Mat. Sb. (N.S.) 88 (130) (1972), 504–521.
[10] B. Helffer, Semi-classical Analysis for the Schro¨dinger Operator and Applications.
Lecture Notes in Mathematics 1336. Springer-Verlag, Berlin, 1988.
[11] B. Helffer and Yu. A. Kordyukov, The periodic magnetic Schro¨dinger operators: spec-
tral gaps and tunneling effect. Trudy Matematicheskogo Instituta Imeni V.A. Steklova
261 (2008), 176–187; translation in Proceedings of the Steklov Institute of Mathe-
matics 261 (2008), 171–182.
[12] B. Helffer and Yu. A. Kordyukov, Spectral gaps for periodic Schro¨dinger operators with
hypersurface magnetic wells. “Mathematical results in quantum mechanics”, Proceed-
ings of the QMath10 Conference Moieciu, Romania 10 - 15 September 2007, 137–154;
World Sci. Publ., Singapore, 2008.
[13] B. Helffer and Yu. A. Kordyukov, Spectral gaps for periodic Schro¨dinger operators with
hypersurface magnetic wells: analysis near the bottom. J. Funct. Anal. 257 (2009),
3043–3081.
[14] B. Helffer and Yu. A. Kordyukov, Semiclasical analysis of Schro¨dinger operators with
magnetic wells. “Spectral and Scattering Theory for Quantum Magnetic Systems”.
Contemp. Math. 500, 105–122; AMS, Providence, RI, 2009.
[15] B. Helffer and Yu. A. Kordyukov, Semiclassical spectral asymptotics for a two-
dimensional magnetic Schro¨dinger operator: The case of discrete wells, Spectral
Theory and Geometric Analysis. Contemp. Math. 535, 55–78; AMS, Providence,
RI, 2011.
[16] B. Helffer and Yu. A. Kordyukov, Semiclassical spectral asymptotics for a two-
dimensional magnetic Schro¨dinger operator. II The case of degenerate wells. Comm.
Partial Differential Equations 37 (2012), 1057–1095.
[17] B. Helffer and Yu. A. Kordyukov, Eigenvalue asymptotics for a three-dimensional
magnetic Schro¨dinger operator. Asymptotic Analysis 82 (2013), 65–89.
[18] B. Helffer and Yu. A. Kordyukov, Accurate semiclassical spectral asymptotics for a
two-dimensional magnetic Schro¨dinger operator, in preparation.
[19] B. Helffer and A. Mohamed, Semiclassical analysis for the ground state energy of a
Schro¨dinger operator with magnetic wells. J. Funct. Anal. 138 (1996), 40–81.
[20] B. Helffer and A. Morame, Magnetic bottles in connection with supercon-
ductivity. J. Funct. Anal. 185 (2001), 604–680. (See Erratum available at
http://mahery.math.u-psud.fr/∼helffer/erratum164.pdf, 2005).
[21] B. Helffer and D. Robert, Puits de potentiel ge´ne´ralise´s et asymptotique semi-
classique. Ann. Inst. H. Poincare´ Phys. The´or. 41 (1984), 291–331.
[22] B. Helffer and J. Sjo¨strand, Puits multiples en limite semiclassique. V. E´tude des
minipuits. Current topics in partial differential equations, 133-186; Kinokuniya,
Tokyo, 1986.
[23] B. Helffer and J. Sjo¨strand, Effet tunnel pour l’e´quation de Schro¨dinger avec champ
magne´tique. Ann. Scuola Norm. Sup. Pisa Cl. Sci. Se´r. 4, 14 (1987), 625–657.
[24] B. Helffer and J. Sjo¨strand, Analyse semi-classique pour l’e´quation de Harper (avec
application a` l’e´quation de Schro¨dinger avec champ magne´tique). Me´m. Soc. Math.
France (N.S.) 34 (1988).
[25] B. Helffer and J. Sjo¨strand, E´quation de Schro¨dinger avec champ magne´tique et
e´quation de Harper, Schro¨dinger operators (Sønderborg, 1988). Lecture Notes in Phys.
345, 118–197; Springer, Berlin, 1989.
[26] L. Ho¨rmander, The Weyl calculus of pseudodifferential operators. Comm. Pure Appl.
Math. 32 (1979), 360–444.
[27] V. Ivrii, Magnetic Schro¨dinger operator: classical and quantum dynamics and spectral
asymptotics. Mosc. Math. J. 7 (2007), 461 – 479.
20 BERNARD HELFFER AND YURI A. KORDYUKOV
[28] V. Ivrii, Microlocal Analysis, Sharp Spectral Asymptotics and Applications. Evoluting
book available on the home page of V. Ivrii. Uploaded in September 2013.
[29] M.V. Karasev, Magneto-metric Hamiltonians on quantum surfaces in the configura-
tion space. Russ. J. Math. Phys. 14 (2007), 57–65.
[30] T. Kato, Schro¨dinger operators with singular potentials. Israel J. Math. 13 (1972),
133–148.
[31] P. Malliavin, Minoration de l’e´tat fondamental de l’e´quation de Schro¨dinger du
magne´tisme et calcul des variations. C.R. Acad. Sci. Paris 302, no. 1 (1986), 481–486.
[32] H. Matsumoto, Semi-classical asymptotics of eigenvalues for Schro¨dinger operators
with magnetic fields. J. Funct. Anal. 129 (1995), 168–190.
[33] H. Matsumoto and N. Ueki, Spectral analysis of Schro¨dinger operators with magnetic
fields. J. Funct. Anal. 140 (1996), 218–255.
[34] R. Montgomery, Hearing the zero locus of a magnetic field. Comm. Math. Phys. 168
(1995), 651–675.
[35] X.-B. Pan and K.H. Kwek, Schro¨dinger operators with non-degenerately vanishing
magnetic fields in bounded domains. Trans. Amer. Math. Soc. 354 (2002), 4201–4227.
[36] N. Raymond, On the semiclassical magnetic Laplacian and connected topics. Lecture
notes for a course in Tunisia (August 2012). hal-00725923, version 2 - 24 Dec 2012.
[37] N. Raymond and S. Vu-Ngoc, Geometry and spectrum in 2D magnetic wells. Preprint
arXiv:1306.5054, 2013.
[38] J. Sjo¨strand and M. Zworski, Elementary linear algebra for advanced spectral prob-
lems. Ann. Inst. Fourier 57 (2007), 1–33.
[39] W. Thurston. Three-dimensional geometry and topology. Vol. 1. Edited by Silvio Levy.
Princeton Mathematical Series, 35. Princeton University Press, Princeton, NJ, 1997.
[40] N. Ueki, Lower bounds for the spectra of Schro¨dinger operators with magnetic fields.
J. Funct. Anal. 120 (1994), 344–379; Erratum: J. Funct. Anal. 121 (1995), 257–258.
[41] N. Ueki, Asymptotics of the infimum of the spectrum of Schro¨dinger operators with
magnetic fields. J. Math. Kyoto Univ. 37 (1998), 615–638.
[42] M. Zworski, Semiclassical Analysis. Graduate Studies in Mathematics, 138. AMS,
Providence, RI, 2012.
De´partement de Mathe´matiques, Baˆtiment 425, Univ Paris-Sud 11, F-91405
Orsay Ce´dex, France
E-mail address: Bernard.Helffer@math.u-psud.fr
Institute of Mathematics, Russian Academy of Sciences, 112 Chernyshevsky
str. 450008 Ufa, Russia
E-mail address: yurikor@matem.anrb.ru
